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Introduction. A C°°- manifold M is endowed by a Poisson pair if two linearly 
independent smooth bivectors C\, C2 are defined on M and c\ = AiCi + A2C2 is a Poisson 
bivector for any A = (Ai,Aa) 6 Kl 2 - A bihamiltonian structure J = {c\} is the whole 
2-dimensional family of bivectors. The structure J is degenerate if ranker < dim M, A G 
R 2 . 

An intensive study of such objects was done by I.M.Gelfand and I.S.Zakharevich ((hJ, 
|pj| , Jl^j ) in a particular case of bihamiltonian structures in general position on an odd- 
dimensional M (the corresponding Poisson pairs are necessarily degenerate: rank c\ = 
2n, AeK 2 \ {0}, if dimM = 2n + 1). In jll| there was introduced a notion of a Veronese 
web, i.e. a 1-parameter family of 1-codimensional foliations such that the corresponding 
family of annihilators is represented by the Veronese curve in the cotangent space at each 
point. It turns out that Veronese webs form a complete system of local invariants for 
bihamiltonian structures of general position. More precisely, it was shown in [jll| that 
any such structure J = {c\} in R 2n+1 admits a local reduction to a Veronese web Wj on 
a (n+l)-dimensional manifold and that for any Veronese web W one can locally construct 
a bihamiltonian structure J(W) of general position in K 2n+1 with the reduction equal to 
W. In the real analytic case J and J(Wj) are isomorphic. 

The aim of this paper is to introduce a wider class of degenerate bihamiltonian struc- 
tures that possess many features of the general position case and to generalize the notion 
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of a Veronese web for this class. We call the bihamiltonian structures from this class 
complete since they are intcmatcly connected with the completely integrable systems 
on M. In particular, the Poisson pairs appearing in the well known method of argu- 
ment translation (see ||, |§, and Example 1.12, below) generate complete bihamiltonian 
structures of higher (> 1) corank. 

The paper is organized as follows. In Section 1 we recall some definitions and facts 
about bihamiltonian structures and introduce the ma in definition of completeness. The 
last is based on one result of A.Brailov (Theorem |l.8| ). We show that complete bihamil- 
tonian structures generalize the case of general position. Analyzing the corresponding 
Poisson pair (ci(x), C2(x)) at a point x S M we deduce that it consists of finite number 
of the so called Kronecker blocks (Corollary 1.15| ); the general position is characterized 
by the case of the sole block. Section 2 is devoted to distinguishing the invariants for 
the sum of k Kronecker blocks. In the next section we define local Veronese webs for 
complete bihamiltonian structures under some additional assumption of simplicity. This 
last means that: l)the number of Kronecker blocks does not change from point to point 
and the corresponding subspaces vary smoothly " sweeping" a flag of k subbundles in the 
tangent bundle; 2)there are no blocks of equal dimension. The second condition allows to 
avoid some technical complications but in principle may be skiped (see Remark 2.5). In 
general, the mentioned distributions are nonintegrable (Examples [O], 3.5); consequently, 
the bihamiltonian structure does not split to direct product of the bihamiltonian struc- 
tures of corank 1, i.e. of general position. We conclude the paper calculating the Veronese 
web for the method of argument translation (Section 5). In the case of normal noncom- 
pact real form of complex simple Lie algebra this web is generically a product of flat 
Veronese webs of codimension 1. 

Recent papers fl3| , [fl4[ are closely related to the subject, in particular to generalized 
Veronese webs. In |14f the author introduces a more general notion of a Kronecker web, 
which is essentially equivalent to the notion of a Veronese web (see Definition 3.2) in 
case of simple bihamiltonian structures. Our approach emphasizes a bit more the role of 
Veronese curves in the theory. 

The following two questions arise from the context of this paper. 

1. Does the Veronese web of a complete bihamiltonian structure determine it up to 
an isomorphism? 

2. What is a relation between the Veronese webs introduced here and d-webs of max- 
imal rank and codimension 2 studied in paper § of S.S.Chcrn and P.A.Griffiths? (The 
notion of the rank of a d-web should not be confused with that of a bihamiltonian struc- 
ture; corank of bihamiltonian structure is equal to codimension of the web.) 

Note that the <i-webs of maximal rank and codimension 1 considered in paper (?|] of 
the same authors are intemately connected with the Veronese webs of codimension 1. 

The author would like to thank Prof. Ilya Zakharevich for useful remarks on this 
paper and for indicating references [T^ | , fll4[ , which had an essential inluence on its final 
version. 



1 Bihamiltonian structures and completeness. Let M be a C°°- manifold. In 
the sequel, all considered Poisson bivectors will have maximal rank on an open dense 
subset in M. Given a Poisson bivector c, define rankc as max ie jf rankc(x). 
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1.1. Definition. Two linearly independent Poisson bivectors c\ , c 2 on M form a Pois- 
son pair if c\ = X\Ci + A 2 c 2 is a Poisson bivector for any A = (Ai, A2) £ K 2 . 

1.2. Proposition. ^4 pair of linearly independent Poisson bivectors (ci, C2) is Poisson 
if and only if [c\, c 2 ] = 0, where [•, •] is i/ie Schouten bracket. 

1.3. Definition. A bihamiltonian structure on M is denned as a two-dimensional lin- 
ear subspace J = {ca}a£5 of Poisson bivectors on M parametrized by a two-dimensional 
vector space S over M . We say that J is degenerate if rankcA < dimM for any c\ £ J. 

It is clear that every Poisson pair generates a bihamiltonian structure and the tran- 
sition from the latter one to a Poisson pair corresponds to a choice of basis in S. We 
shall write (J, Ci,c 2 ) for a bihamiltonian structure J with a chosen Poisson pair (ci,c 2 ) 
generating J. 

1.4. Definition. Let J be a bihamiltonian structure. Introduce a subfamily Jo C J 
of Poisson bivectors of maximal rank i?o (the set J \ Jq is at most a finite sum of 1- 
dimensional subspaces), and a set of functions J-q = Span R (U cg j o Z C (M)), where Z C {M) 
stands for the space of the Casimir functions of c on M. We take Span in order to obtain 
a vector space: a sum of two Casimir functions for different Ci,c 2 £ Jo need not be a 
Casimir function. 

The following proposition shows how the degenerate bihamiltonian structures can be 
applied for constructing the completely integrable systems. 

1.5. Proposition. Let J be a degenerate bihamiltonian structure on M . A family To 
is involutive with respect to any c\ £ J. 

Proof. Let c\ 1 C2 € Jo be linearly independent, 6 Z Ci ,i = 1,2. Then 

{/i,/ 2 } CA = (Aid(/x) + A 2 c 2 (/ 1 ))/ 2 = -A 2 ca(/ 2 )/i = 0. (1.5.1) 

Now it remains to prove that for an y c 6 Jq, /, G Z Cl i = 1,2, one has {/1, / 2 }c A = 0. For 



that purpose we first rewrite ( 1.5.1 ) as 

c A O)(^i,0 2 ) = 0, (1.5.2) 

where fa £ kerci(x), i — 1,2, x £ M, and the lefthandside denotes the contraction of the 
bivector with two covectors. Second, we fix x such that rankc(a;) = Rq and approximate 
dfi\x by a sequence of elements {4> l }j*Ln ^_£kei c l (x), where c 1 £ Jo, i — 1,2, 



is 



linearly independent with c. Finally, by (1.5.2) we get c\(x){dfi \ x , 4> l ) = and by the 



continuity {/1, / 2 }c A (^) = 0. Since the set of such points x is dense in M, the proof is 
finished. ■ 

In fact this proposition is true for the local Casimir functions (for the germs of 
Casimir functions). The corresponding family of functions (germs) Span R (lJ cg j o Z C {U)) 
(Span R (U c6/o Z CyX ) is denoted by Tq{U) {Tq, x ). 

In order to obtain a completely integrable system from Casimir functions one should 
require additional assumptions on the bihamiltonian structure J. Off course, the condition 
of completeness given below concerns the local Casimir functions (in fact their germs) 
and may be insufficient for obtaining the completely integrable system. However, it is of 
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use if the local Casimir functions are restrictions of the global ones (see Example 1.12| , 
below) . 

Given a Poisson bivector c\ G J, let S\(x) denote the symplectic leaf of c\ through a 
point x G M. 

1.6. Definition. Let J be a bihamiltonian structure; fix some c\ G J. 

J is called complete at a point x G M with respect to c\ if the linear subspace of T*M 
generated by the differentials of the germs / G Tq^ x restricted to S\(x) has dimension 
\ dim S\ (x) . 



1.7. Proposition. A bihamiltonian structure J is complete with respect to c\ G Jo at 
a point x G M such thatS\(x) is of maximal dimension if and only if dim(f s \ c ^ eJo T x S\(x)) 
— \ dim S\ (x) . 

The following theorem is due to A.Brailov (see Theorem 1.1 and Remark after it). 

1.8. Theorem. A bihamiltonian structure (Jci,c 2 ) is complete with respect to c\ G 
Jo at a point x G M such that S\ (x) is of maximal dimension if and only if the following 
condition holds 

(*) rank(AiCi + A 2 c 2 )(x) = R for any X = (X 1 ,X 2 ) G C 2 \ {0}. 

Here the bivector c\ — (AiCj 4- A 2 c 2 )(x) is regarded as an element of /\ 2 T^M, where 
T C M is the complexified tangent bundle, and its rank is defined as that of the associated 
sharp map c\(x) : (T^Mf — ► 1%M. 

The theorem shows that J is complete with respect to a fixed c\ G Jo at a point x 
such that the dimension S\(x) is maximal if and only if J = Jo U{0} aim J is complete 
at x with respect to any nontrivial c\ G J. This motivates the next definition. 

1.9. Definition. Let (Jci,c 2 ) be a bihamiltonian structure. The structure J (the 



pair (ci,c 2 )) is complete at a point x G M if condition (*) of Theorem 1.8 holds at x. J 
((ci)C 2 )) is called complete if it is so at any point from some open and dense subset in 
M. 



1.10. Proposition. Let J be complete on M and let x G M be a point of complete- 
ness. Then there exists a neighbourhood U 3 x such that the foliation C defined on U by 
!Fq(U) is lagrangian in any S\(y),\ ^ 0,y G U (by Proposition 



1.1 



this foliation can be 
defined as the intersection of the foliations of symplectic leaves for c\ G JoJ- 



1.11. Definition. Call £ a bilagrangian foliation of J. 

1.12. Example. (Method of argument translation, see ffl, ||.) Let g be a Lie algebra, 
0* its dual space. Fix a basis {ei, . . . , e„} in g with the structure constants {c*j}; write 
{e 1 , . . . , e n } for the dual basis in g*. The standard linear Poisson bivector on g* is defined 

as 

Cl (x) = 4x fc A A JL 
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where {xk} are linear coordinates in g* corresponding to {e 1 , . . . , e™}. In more invariant 
terms c\ is described as an operator dual to the Lie- multiplication map [ , ] : g Ag — > g. It 
is well-known that the symplectic leaves of c\ are the coadjoint orbits in g*. Now define 
C2 as a bivector with constant coefficients C2 = c(a), where a is a fixed point on any 
leaf of maximal dimension. It turns out that c\, c 2 form a Poisson pair and it is easy to 
describe the set I of points x for which condition (*) fails. Consider the complexification 

(g*) C — (fl )* and the sum Sing(g c )* of symplectic leaves of nonmaximal dimension for 
the complex linear bivector c^Zk-^- A where Zj = Xj + ijjj, j = 1, . . . , n, are the 

corresponding complex coordinates in (g*) c . Then / is equal to the intersection of the sets 
g* C (g*) c and a, Sing(g c )*, where a, Sing(g c )* denotes a cone of complex 2-dimensional 
subspaces passing through a and Sing(g c )*. 

In particular, (c\,C2) is complete for a semisimple g (codim Sing(g c )* > 3, see 0, 
Corollary 4.42, and codimension of I in g* is not less than 2). Note, that this gives rise 
to completely integrable systems since the local Casimir functions on g* are restrictions 
of the global ones, i.e. the invariants of the coadjoint action. 



1.13. Example. (Bihamiltonian structure of general position on an odd-dimensional 
manifold, see Consider a pair of bivectors (a l7 a 2 ), E A — 1, 2, where V 

is a (2m + l)-dimcnsional vector space; (01,02) is in general position if and only if is 
represented by the Kronecker block of dimension 2m + 1, i.e. 

ai = pi A q\ + p 2 A q 2 H h p m A q m ^ , 

a-2 = Pi A q 2 + p 2 A q 3 H h p m A g m+ i 

in an appropriate basis Pi, ■ ■ -Pm, Qi, ■ ■ ■ Qm+i °f V. A bihamiltonian structure J on a 
(2m + l)-dimensional M is in general position if and only if the pair (c\{x), c 2 (x)) is so 
for any x € M. Such J is complete. In general, a complete Poisson pair at a point is 
a direct sum of the Kronecker blocks as the corollary of the next theorem shows. This 
theorem is a reformulation of the classification result for pairs of 2- forms in a vector space 

(@, El)- 



1.14. Theorem. Given a finite- dimensional vector space V over C and a pair of bivec- 
tros (ci,C2), Cj G /\ 2 V, t/iere exists a direct decomposition V = ®Vj, Cj = ^Cj , q E 
/\ 2 V}, i = 1,2, such that each triple (Vj, cf \ c^) is from the following list: 

(a) the Jordan block: dim Vj — 2nj and in an appropriate basis of Vj the matrix of c$ 
is equal to 

A, 



where A\ — I nj (the unity rij x nj-matrix) and A2 = J^. (the Jordan block with 
the eigenvalue A 

(b) i/ie Kronecker block: dim Vj = 2nj + 1 and m an appropriate basis of Vj the matrix 



(i) 

of c[ is equal to 



B > ] . ■ ■ 1 > 
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where Bi 



( 1 
1 

\ 



\ 



1 0/ 



,B, 



rij-matrices; in case rij = put c\—C2 — 0). 



/ 1 
1 

\ 



o\ 


1 ) 



1.15. Corollary. Let (J, ci,c%) be a bihamiltonian structure. It is complete at a 
point x £ M if and only if the pair (c\(x), C2(x)), Ci(x) £ /\ (T^M),i — 1,2, does not 
contain the Jordan blocks in its decomposition. 

Proof. The statement follows from the definition of completeness. ■ 



1.16. Remark. In the absence of the Jordan blocks Theorem 1.14 is valid also over 
reals. 

2 Complete bihamiltonian structure at a point. Now, we shall examine a 
linear bihamiltonian structure (J, Ci,C2),Cj £ f\ 2 V, where V is a vector space over R, 
such that the decomposition V — ©* =1 Vj-, c; = Y^i=i c i ( see Theorem 1.14 and Remark 
1.16) consists of k Kronecker blocks Vi,... , Vk,dimVj = 2rij + l,m < ... < rife. 

The aim is to extract the invariants and to introduce the infinithesimal approximation 
to Veronese webs (these last will be defined in the next section). 

It turns out that the decomposition to Kronecker blocks is noninvariant. To illustrate 
this let us consider V = Span{e,p, gi, (72}, ci = P A qt, C2 — p A 92- Here V = V\ © V2, 
where V\ — Span{e},V2 = Span{p, qi, 52}, but instead V\ one can choose any direct 
complement to V%. However, there is a canonically defined filtration associated to J. 

Let P Cx C V (P (j) C Vj) be the characteristic subspace, i.e. the symplectic leaf 

c \ 

through 0, of c x = Aici + A 2 c 2 (c A j) = \ lC [ j} + A 2 c 2 j) ), (Ai,A 2 ) £ M 2 ; let L = n\j&oP Cx 
(Lj = Ha^o-P W) ) be the bilagrangian subspase, i.e. the leaf through of the bilagrangian 



foliation, corresponding to the bihamiltonian structure J ({c^Iase 2 ); see Definition 1.11 



Put 



E 

distinct x 1 ,...,x i e 



.nP cx .i = 1,2,. 



, $n = V. 



2.1. Theorem. The following relations hold 

$Q = $! = ••• = $ ni D $„ 1+ 1 = $„ 1+2 = • • • = $„ 2 D • • • D *n fc _ 1 + l = • • • = $„ fc D 

3 +1 — <P nA ._|_2 — < E > „ fc+1 , 

w/iere 

$ «i = E i! ®E y, '3 = 1 '-' H1 

(we put Vi = 0,1 > k). In particular, the filtration is stabilized from i > rik, 3>n fc +i = 
®Lj = L, and the numbers ni, . . . ,n.fe are invariants of J . 

2.2. Remark. The filtration F = C • • • C F fc _i = $^ cF t = L i = (V/£)* (-L 
stands for the annihilator sign) appears in [B and is called there isotypic. We shall refer 
to this notion below. 
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Before we begin to prove the theorem we recall the following definition. 

2.3. Definition, (pi)) Let S, V be vector spaces of dimensions 2 and n + 1, n > 0, 
respectively. A Veronese inclusion of P(<S) in P(T^) is a map i : P(«S) — ► P(V) such that 
there exists a linear isomorphism : P(V) — ► F(S n S) making the following diagram 
commutative: 



P(5) -U P(V) 

II ^ 
P(5) P( ^>' )} P(S n <S). 
The image z(P(«S)) is called Veronese curve. 

Here S 1 ™ denotes the n-th symmetric power; the standard model of the mapping S n (-) 
is described as follows. Let S be a space of linear functions / in two variables ti, t%. Then 
S n S is a space of homogeneous polynomials in t\, ti and S n (f) = f n . For n — the map 
i is not an inclusion, but wc shall use the defined term in this situation as well. 



Proof. We now shall prove Theorem 2.1. It is sufficient to show the following equal- 
ities 

E_, „ f Li ■ i > n, ■ + 1 

distinct x u ...,\i 



$ iVj := ^ Pc f? n...nP, ) = <| ^ .- n - L (2.3.1) 



One has 

distinct Ai,...,Ai 

The 1-dimentional annihilator P-J^, <E P((V,/I/j)*) sweeps an appropriate Veronese curve 

(see pi). On the other hand, images of distinct points under a Veronese inclusion P(«S) — » 
*(V) are linearly independent untill their number does not exceed dim F (cf. [Q, LA). So 



now, the first of equalities 2.3.1 follows from the fact that P~j j} + • • • + = (Vj/Lj)* 



for any set of distinct Ai, . . . , A^, i > rij + 1. 

For the second one, we notice that for any set of points Ai, . . . , X nj +i 

rij+l 

fl (Pi + --- + P s + --- + P„ i+1 )={0}, 

s=l 

where we put P s = and * means omitting of the corresponding term. Thus we proved 



it for i — rij; this implies 2.3.1 also for i < n 



2.4. Corollary. Let = Pi C • • • C P&_i C F k = (V/L)* be the isotypic filtration 



(see |L§j. Put FjP^ 
one- dimensional subspace in Aj : 
is a Veronese inclusion for any j 



,k. The 



en: 1) A] 
Fj/Fj_i; 2) the mapping 
l,...,k. 



Proof. We first notice that Fj = ®i—i(Vi/Li)*,j = 1, . . ., k, as Theorem 2T implies. 
Under the identification (V/L)* = ® k i=1 (Vi/ L,)* 



F- P 
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where _U stands for the annihilator of a subspace in Vt/ Li. Thus there are linear isomor- 
phisms Aj = (Vj/Lj)* and Aj = P Jf,j = l,...,fc, and 2) follows from the analogous 
fact for a sole Kronecker block ( ) . ■ 



2.5. Remark. We note that analogues of Theorem 2.1 and Corollary 2.4 can be proved 
also without the restriction that m, ... ,71* are distinct. In order to do that one should 
use a "multiple" version of a Veronese inclusion, i.e. a map <j> : P(<S) — > G(k,V^ l+1 ' k ) 
(G(k, V) denotes the Grassmannian of fc-planes in a (1+ l)/c-dimensional vector space V) 
such that there exist a decomposition V = ffijLj , dim V, = Z+l, and Veronese inclusions 

: P(«S) — *■ P(Vj),j = 1, . . . with the property <j>(v) — Span R {ii(?;), . . . ,ik{v)}, where 
ij(v) is considered as a 1-dimensional subspace in V. This definition can be also used to 



adapt the notion of a Veronese web (see Definition 3.2, below) to a more general situation 



2.6. Definition. An infinithesimal Veronese web of type (m, . . . ,nk),ni < • • • < Tife, 
on a vector space W, dim W = n\ + ■ ■ ■ + n}~ + k, is a 1-parameter family {W\}\ € p(s) °f 
linear subspaces W\ C WjCodimWA = fc, satisfying the following conditions: 

(i) there is a filtration = F C ... C J^fe-i C Fk — W* of the dual space with 

dimFj/Fj-i = rij + 1, j = l,...,k; 

(ii) it induces the filtration = F W^ C ... C FnW^ 1 C F fe W^ = W^FjW^ = 

Fj n , j = 1, . . . , k, of the annihilator C so that dim FjW^ = j; in 
particular A] := FjW^/i^-iW^ can be considered as 1-dimensional subspace in 

(iii) the map P(<S) 3 A i— > Aj 1 G P(-Aj) is a Veronese inclusion, j = 1, . . . , k. 

2.7. Proposition. Let (J, ci,c 2 ) 6e as above. Then the vector space W = V/L has a 
structure of an infinithesimal Veronese web of type (ni, ■ ■ ■ , n^). 



Proof. The proof follows from Corollary 2.4 



3 Simple bihamiltonian structures and their Veronese webs. In this sec- 
tion we shall define objects that generalize the Veronese webs introduced in for the 
bihamiltonian structures of general position. We shall show that any complete bihamilto- 
nian structure from the class defined below admits the local reduction to such an object. 

3.1. Definition. Let J be a complete bihamiltonian structure on M. A type of J at 
x G M is the vector (n\, . . . , nk)(x), where 2n\(x) + 1, . . . , 2rik(x) + 1 are dimensions of 
the Kronecker blocks in the decomposition of (ci(x), C2(x)) for some generating J Poisson 



pair (ci, C2) (these dimensions do not depend on this pair, see Theorem 2.1). I f th is vector 
is independent of x we call it a type of J and say that J is regular (cf. Example |3.8| , below). 
If, moreover, all rij, j = 1, . . . , k, are different we call J simple. 



3.2. Definition. Consider a manifold U diffeomorphic to an open set in K , where 
N = (rii + 1) + ■ ■ ■ + (Tifc + l),7ii < ... < rik, and a family W = {WA}AeP(5) of k- 
codimensional foliations on U parametrized by the projectivizaton of a two-dimensional 
vector space S. We call W a Veronese web of type (ni, . . . , rik) if the following conditions 
are satisfied: 
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(i) there is a bundle filtration = i*o C . . . C F k -i C F k = T*U such that 

rankFj / Fj^i = rij + 1, j = 1, . . . , k; 

(ii) it induces the bundle filtration = F W^ C ... C F k ^W^ C F k W^ = W^, 

F j w \ = F i n Wa > 3 = 1, • • • of the annihilating bundle := (TWa) 1 C 
T*t/ so that rankFj-W^ = j; in particular A} (a;) := FjW^jFj-iW^ can be 
considered as a 1-dimensional subspace in Aj(x) :— Fj tX /Fj_i tX for any x G U ; 

(iii) the map P(«S) 9 A i— > A* (a:) G P(Aj(a;)) is a Veronese inclusion for any x £ U,j = 
l,...,k. 



3.3. Theorem. Let J be a simple bihamiltonian structure of type n = (rii, . . . , n k ), 
rii < ■ ■ ■ < rik, and let x £ M be a point of completeness for J. Write V\ for the 
foliation of symplectic leaves of c\ G J . Then there exists a neighbourhood U 3 x such 



that U = U/C (see 1.1C) is diffeommorphic to an open set in R and {Vx\jj/£}\£P(S) * s 



a Veronese web of type n on U . 



Proof. The theorem follows from Proposition 2.7 



3.4. Example. Let U — M?(x, y, z), a% = xdy — dz, a 2 = X\dx + X 2 dy, k = 2, m = 
0,n 2 = 1. Put r(Fi) = Span{ai},r((TW A ) ± ) = Span{ai, a%}, where T stands for the 
space of sections and Span is taken over the ring of functions. Then T(Fi(TW\)~ L ) = 
r(.Fi). Since TW\ C TU is a sub-bundle of rank 1, it is indeed tangent to 1-dimensional 
foliation W\. Explicitely, T(TW\) — Span{A 2 «i — Aiw 2 }, where v\ = -§^,v 2 — + x-^. 

On U = R(p) x U one defines the corresponding bihamiltonian structure as A (\\Vi + 

A2«2)}(A 1 ,A 2 )6R 2 - 

3.5. Example. Let U = R 5 (x,y,z,s,t), a A = Xi(xdy - dz) + X 2 (sdy - dt),a 2 = 
X 2 1 dx+X 1 X 2 ds+Xldy,T(F 1 ) = Span{xdy-ds, sdy-dt}, r((TW A )- L )) = Span{a A , a\}, k = 
2,ni =l,ri2 = 2. Then r(F 1 i(TW A ) ± )) = Span{c^}. The 3-distribution in TU annihi- 
lating by 1-forms a\ , a 2 is integrable since 

. a _ / "2 A ±dy if A t ^ 
aai ~\ —a 2 A ±ds if Ax = 0. 

Explicitely T(TW X ) = Span{A 2 ,| -\ 1 ^.,\ 2 ^- X lV ,X 2 £ - Ai|}, where v = ^ + 
x-j^ + s%, and on U = R 3 (pi,p 2 ,P3) X U the corresponding bihamiltonian structure is 
{sir A ( A2 I^ ~ Al ^) + efe A ( A 2?l _ A i w ) + tJi A ( A 2?l - A i?l )}(Ai,A 2 )ea 2 - 

3.6. Remark. Off course, it is more convenient to describe Veronese webs in terms 
of a bundle direct decomposition B\ © . . . © B k — T*U such that Fj — ® 3 i=1 Bi rather 
than in terms of the isotypic filtration itself. In the above examples we used implicitely 
such a decomposition. However, one should remember that it is not unique. For instance, 



in Example 3.5 one has B\ = Fi,T(B 2 ) — Spanjcfa;, ds, dy}. But one could take oiA 



_ 2 

X\(dx + xdy — dz) + XiX 2 (ds + sdy — dt) + X 2 dy — a 2 + Aio^ instead of a 2 and T(B 2 ) = 
Span{<iizi + xdy — dz,ds + sdy — dt,dy}. Although this does not change the web, the 
corresponding decomposition is changed. In |3 the author gives an involved analysis of 
this nonuniqucness. 
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A.PANASYUK 



3.7. Definition. A Veronese web admits the following local description. One can 
choose linear coordinates (Ai, A2) on iS and a local coframe a\, . . . , o^ 1+1 , . . . , a\ 1 . . . , 
a n k +i sucn tnat Q^.+i e T(Fj),j = l,...,k, and the annihilator (TWx) 1 - C T*U 

is generated by a\, . . . , a\, where a{ = A™ J a{ + A™ J 1 \2a J 2 + ■ • • + Aj J o? n +l (Veronese 
curve). If in a neighbourhood of any x £ U there exists a holonomic coframe with the 
above properties, the Veronese web is called flat. 

In particular, all bundles in the isotypic filtration of a flat web are completely inte- 
grable as differential systems and, moreover, such a web splits to a direct product of flat 
Veronese webs of codimension 1. 



The webs from Examples 3.4, 3.5 are not flat, since the bundles F\ are nonintegrable. 
We conclude the section by an example of a complete bihamiltonian structure that is 
not regular. 

3.8. Example. Let M = M 6 with coordinates (pi,P2,qi, ■ ■■ , 94), c\ = ^ A + jJL A 
sP-, Co = ip— A [£ — h <Ji -7p-) + -Jr— A S-. Here we have: two 3-dimensional Kronecker 
blocks on M\H, H = {qi = 0}; the 5-dimensional Kronecker block and the 1-dimensional 
zero block on the hyperplane H . 

4 Ver ones e webs for the argument translation method. The notations from 
Subsection 1.12| will be used below. We consider normal (deployable in terminology of 



Bourbaki, [5|, IX, 3) real form g of complex simple Lie algebra. Let mi, . . . , m r , r 
rank(g) be the exponents of g. 



4.1. Theorem. Let {c\,C2) be the Poisson pair from Example 1.1%. Then the Veronese 



web {Wa}agr 2 °f corresponding bihamiltonian structure J is of type (mi, . . . , m r ) and 



is flat (Definition 3.7) in a neighbourhood of any point n(x) ! where x S (g* \ /) and tt 



denotes the canonical projection tt : g* \ I — > (g* \I)/C (cf. \1.1L, 3.5 ). 



Proof. Let gi(x), . . . , g r (x) , deg gj — rrij + 1, be a set of algebraically independent 
global homogeneous polynomial Casimir functions for c (see Q, VIII, 8). Here we have 
identified g and g* by means of the Killing form. Note that g\,...,g r are functionally in- 
dependent on g\Sing g, where Sing g is the set of adjoint orbits of nonmaximal dimension. 
Indeed, their restrictions to a Cartan subalgebra \) C g are algebraically independent and 
invariant with respect to the Weyl group W. Now, we can apply the result of R.Steinberg 
( [ B ) to deduce the nondegeneracy for the Jacobi matrix of gi \ [>,•■., fly |fj a t a regular 
point. 

Consider the subspace dJ-$ C L(T*g*) generated by the differentials of functions from 
the involutive set Tq (see |1.4| ) corresponding to J. It turns out that dJ-Q is generated by 
{dgj\\ lX +\2a, (Ai, A 2 ) G MKj = !,•••,»*}. If g){a,x),i = 0, . . . , mj + 1, j = 1, . . . , r, are 
the coefficients of the Taylor expansions gj(x + Aa), j — 1, .... r, with respect to A £ R, 
then one also has 

df Q = Span{dffj(a,x),i = 0, . . . ,rrij, j = l,...,r}. (4-1.1) 

Moreover, these differentials are linearly ind epend ent at any x G g* \ /. This follows 
from the fact that J is complete at g* \ /, from ( |4 . 1 . l| ) , and from the formula m j = 

i(dimg - r) (cf. jl|, formula (Fl), p. 289). 



VERONESE WEBS OF HIGHER CODIMENSION 
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Thus, we can regard <?] (a, x), i = 0, . . . , rrij ,j — 1, . . . , r as coordinates on the reduced 
space (q* \ 1)1 L. Finally, (TWa) 1 , A = (Ai, A 2 ), is generated by 

A™ J d#°(a, x) + \" h 1 \ 2 dg 1 j (a,x) + • • ■ + \™ 3 dg™ 3 (a,x),j — 1, . . . ,r. 



References 



J.F.Adams, Lectures on Lie groups, W. A. Benjamin, Inc., 1969. 
V.I. Arnold, Mathematical methods of classical mechanics, Springer- Verlag, 1978. 
A.V.Bolsinov, Compatible Poisson brackets on Lie algebras and completeness of families 
of functions in involution, Izv. Akad. Nauk SSSR Ser. Mat. 55 (1991), No 1; English transl. 
in: Math. USSR-Izv. 38 (1992), 69-90. 

N.Bourbaki, Groups et algebres de Lie, VII, VIII, Hermann, 1975. 
N.Bourbaki, Groups et algebres de Lie, IX, Masson, 1982. 

S.S. Chern and P.A. Griffiths, An inequality for the rank of a web and webs of maximum 
rank, Ann. Scuola Norm. Sup. Pisa 5 (1978), 539-557. 

S.S. Chern and P.A. Griffiths, Abel's theorem and Webs, Jahresber. Deutsch. Math.- 
Verein. 80 (1978), 13-110. 

A.T.Fomenko and A.S.Mishchenko, Euler equations in finite- dimensional Lie groups, 
Izv. Akad. Nauk SSSR Ser. Mat. 42 (1978), 396-416; English transl. in: Math USSR-Izv. 12 
(1978). 

A.T.Fomenko, Integrability and nonintegrability in geometry and mechanics, Kluwer Aca- 
demic Publishers, 1988. 

I.M.Gelfand and I.S.Zakharevich, Spectral theory for a pair of skew-symmetrical opera- 
tors on S 1 , Functional Anal. Appl. 23 (1989), 85-93. 

I.M.Gelfand and I.S.Zakharevich, Webs, Veronese curves, and bihamiltonian systems, 
J. Funkt. Anal. 99 (1991), 150-178. 

I.M.Gelfand and I.S.Zakharevich, On the local geometry of a bihamiltonian structure, 
in: The Gelfand mathematical seminars, 1990-1992, Birkhauser, Boston, 1993, 51-112. 
I.M.Gelfand and I.S.Zakharevich, Webs, Lenard Sche mes, and the local geometry of 
bihamiltonian Toda and Lax structures, math. DG/9903080] . 



I.S.Zakhar evich, Kronecker webs, bihamiltonian structures, and the method of argument 



translation, math.SG/9908034 



A.L.Onishchik and E.B.Vinberg, Lie groups and Algebraic groups, Springer- Verlag, 1990. 
R.Steinberg, Invariants of finite reflection groups, Canad. J. Math. 12 (1960), 616-618. 



